Abstract. Let X and Y be Banach spaces, and L(X, Y ) be the spaces of bounded linear operators from X into Y. In this paper we give full characterization of isometric onto operators of L(X, Y ), for a certain class of Banach spaces, that includes p , 1 < p < ∞. We also characterize the isometric onto operators of L(c 0 ) and K( 1 ), the compact operators on 1 . Furthermore, the multiplicative isometric onto operators of L( 1 ), when multiplication on L( 1 ) is taken to be the Schur product, are characterized.
Introduction

Let X and Y be Banach spaces, and L(X, Y ) the space of bounded linear operators from X into Y. An operator T ∈ L(X, Y ) is called an isometry if T x = x
for all x ∈ X. Kadison [14] was the first to characterize the isometries of L( 2 , 2 ), while recently in [9] , the isometries of L( p , q ), 1 < q ≤ p < ∞, were characterized. The isometries of the Schatten classes C p (H), 1 ≤ p = 2 ≤ ∞, where characterized in [3] . Isometries of some operator ideals on Hilbert spaces were characterized in [24] , while in [16] , the isometries of N (L p ), the nuclear operators on L p , were characterized. Isometries of general Banach algebras are difficult to handle. In [12] , it was proved that every isometry of a semisimple commutative Banach algebra that preserves the identity is multiplicative. In this paper, we give a full characterization of isometric onto operators of L(X, Y ), for a class of Banach spaces that includes p , 1 < p < ∞. Isometric onto operators of L(c 0 ), and K( 1 ), the compact operators on 1 , are also fully characterized in this paper. Furthermore, multiplicative isometric onto operators of L( 1 ) when multiplication on L( 1 ) is taken to be the Schur product are characterized.
Throughout this paper, if X is a Banach space, X * is the dual of X. If G is a subspace of X, then G ⊥ is the annihilator of G in X * . G is called an M-ideal in X if X * = G * ⊕ G ⊥ , where the sum is a direct summand, in the sense, if x * = g * + h, then x * = g * + h . The concept of M-ideals was introduced in [1] .
For any Banach spaces X and Y , we let X ∨ ⊗ Y and X ∧ ⊗ Y denote the completed injective and projective tensor product spaces of X with Y , respectively. For x ∈ X and y ∈ Y, the rank one operator x ⊗ y from X * to Y, is called an atom. K(X, Y ) denotes the spaces of compact operators in L(X, Y ). For x ∈ X, we set [x] to denote the span of {x} in X.
Isometries of L(X, Y)
Let X, Y be Banach spaces. The pair (X, Y ) is called an ideal pair if: (i) X and Y are reflexive, (ii) X and Y * are strictly convex, [7] , (iii) X * has the approximation property, [7] ,
It is known in the literature that ( p , q ) is an ideal pair for 1 < p ≤ q < ∞; see [6] , [23] . 
where the sum is a direct summand [1] .
With these facts in mind, we can proceed to the first step.
Step I. If J is an isometric onto operator on L(X, Y ), and if there exists x 0 ∈ X and y *
Since J is an isometric onto operator, then J * is an isometric onto operator. Consequently, J * preserves extreme points. But extB 1 (X ∧ ⊗ Y * ) are just the atoms of norm 1 [22] . Hence, J * (x ⊗ y * ) is either an atom or an Step
. To see this, let (x n ) be a sequence in X. With no loss of generality, assume that J(T )x n = 0 for all n.
is Cauchy (and so convergent). Indeed,
Consequently, J(T ) is compact.
Step
Proof. This follows from step I and the proof of step II.
Step IV.
The proof that (ii) −→ (i) is immediate. This ends the proof of the theorem.
Since the pair ( p , r ) is an ideal pair for 1 < p, r < ∞. Theorem 1.2 was proved for the pair ( p , r ) in [9] . We were unaware of reference [9] . The proof given in [9] uses smooth points of L( p , r ), while we use the concept of M-ideals and an idea of the first author in [16] . We thank the referee for calling our attention to that paper, and we thank Professor Grzaslewicz for supplying us with a copy of that paper later on. Now, we go back to:
Proof of Theorem 1.1. As in Theorem 1.2, we split the proof into steps.
Step I. If
Proof. If either f or g is zero, there is nothing to prove. Assume f ⊗ g = 0 ⊗ 0, and x 1 , x 2 are independent. Consider the operator T :
One should remark here that the statement of step I appears in Jarosz [13] . The proof given here is different.
Step II. 
Proof.
can be written in the form z ⊗ y * for some z ∈ X. Since J is an isometry, J preserves extreme points, and consequently J preserves atoms, noting that extreme points of X ∧ ⊗ Y * are atoms of norm one [22] . Set
. Then any element in K is an atom. 
Step III.
Proof. From step II, and the second part of the remark, we deduce that for x ∈ X there exists
This ends the proof. ∞) ; see also [6] . For p = 1, the result states that
, and x i < ∞}, and (
is the natural basis of 1 , then for T ∈ K(c 0 ) and for each n, there exists
With no loss of generality, assume that (J(T ) * δ n = 0. Since J * is an isometric onto operator, it takes extreme points of (K(c 0 ))
But extreme points of (K(c 0 )) * are the atoms of the form y ⊗ δ n , where y is an extreme point in B 1 ( ∞ ). Since T is compact, and the extreme points in B 1 ((K(c 0 ) )
Consequently, J(T ) is compact [20] . This implies that if
y . This is (ii). As for (ii) −→ (i), the proof is straightforward.
As for isometries of K(
1 ), we have
bounded linear operator. The following are equivalent:
(i) J is an isometric onto operator.
(ii) There are isometric onto operators S r of 1 , r ∈ N , and a permutation π of N such that, for f = (f n ), J(f ) = (S n f π(n) ).
Proof. We need only show that (i) −→ (ii). We recall that T ∈ L(
1 ) is compact if and only if lim n−→∞ T δ n = 0 [21] . Now, c 0 (
and T δ n = f n , which is a null sequence. Hence, c 0 (
With no loss of generality, we can assume J(A)δ n = 0 for all n. For each n ∈ N, choose y n ∈ extB 1 ( ∞ ) such that N ) ), the space of regular Borel measures on β(N ), the Stone-Cech compactification of N [17] . Since J * is an isometric onto operator,
Since A ∈ c 0 ( 1 ), then lim i−→∞ Aδ ki = 0. This implies that J(A)δ n = 0 for all n, which contradicts the assumption J(A)δ n = 0 for all n. Hence, t n ∈ N. So,
, and since J is onto, we get J : c 0 (
is an isometric onto operator. Hence ( [18] ; see also [4, pp. 147-151] ) there is a permutation π of the natural numbers N , and isometric onto operators S n of
Hence, using the result in [6] , we get J (f 1 , f 2, f 3 , ..., f n , ....) = (S n f π(n) ). This ends the proof. 
. Schur multipliers were studied by many authors. We refer to [5] and [15] for the main results on Schur multipliers of L( p , r ) and 
